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1. Introduction

This chapter surveys recent results in the kinematic synthesis of machines.
A machine is generally considered to be a device that directs a source of power
to a desired application of forces and movement. The earliest machines were
simply wedges, levers, and wheels that amplified human and animal effort.
Eventually wind and water power were captured to drive gearing that rotated
millstones and pumps (Dimarogonas 1993). Today chemical, nuclear, hydro-
electric and solar energy drive machines that build, manufacture, transport, and
process items that affect all aspects of our lives.
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2 FORMAL ENGINEERING DESIGN SYNTHESIS

Kinematic synthesis determines the configuration and size of the mechanical
elements that shape this power flow in a machine. In this chapter we show how
researchers in machine design and robotics use the concepts of workspace and
mechanical advantage as the criteria for the kinematic synthesis of a broad
range of machines.

The workspace of a machine part is the set of positions and orientations that
it can reach. We will see that there are many representations of this workspace,
however the best place to start is with the kinematics equations of the chain
of bodies that connect the part to the base frame. The range of values of the
configuration parameters that appear in these kinematics equations define the
configuration space of the system. The velocity of the part is then obtained by
computing the Jacobian of these kinematics equations in terms of the rate of
change of these configuration parameters. The principle of virtual work links
this Jacobian directly to the mechanical advantage of the system.

We begin by showing how virtual work relates the input-output speed ratios
of a system to its mechanical advantage. This is developed for general serial
and parallel chains of parts within a machine. Then we explore the current
design theory for serial and parallel robots and find that workspace and me-
chanical advantage, clothed in various ways, are the primary considerations.
We then develop in detail the current results in the kinematic synthesis of con-
strained movement which focusses on satisfying workspace constraints formu-
lated as algebraic equations. Finally, we outline the configuration space anal-
ysis of machines that shows the versatility of these concepts for representing
assembly, tolerances and fixtures.

A survey of computer-aided kinematic synthesis software shows that while
specialized systems exist in research laboratories, there is very little available
in engineering practice. Also, current design systems leave untouched many
of the machine topologies that are available for invention. Designer/inventors
need a software environment that allows them to specify a workspace and an
associated distribution of mechanical advantage, and then simulate and display
candidate designs to evaluate their performance, including issues of toleranc-
ing and assembly. The result would be a remarkable opportunity for the design
of new devices to serve our needs.

2. Kinematics and Kinetics

The term kinematics refers to geometric properties of movement such as
position, velocity, and acceleration of components of a machine, while kinetics
refers properties of forces acting on and exerted by the part. Newton’s second
law of motion relates kinetics and kinematics by defining the acceleration of
a particle as proportional to the difference between the force applied to the
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Kinematic Synthesis 3

particle and the force it exerts,

Fin − Fout = mẍ. (9.1)

If these forces are equal then the particle moves at a constant velocity.
Newton’s law can summed over all particles in the machine and integrated

as the system moves along a trajectory x(t) to define the change in energy
of the system as the difference in the input and output work. It is a law of
mechanics that this equality of work and energy remains unchanged for small
variations δx of the trajectory. Thus, the variations in work and energy must
cancel for all virtual displacements, that is

δWin − δWout = δE. (9.2)

A machine is designed to minimize energy losses, often due to friction and
fatigue, so δE = 0, which means the input and output variations in work must
cancel. This is known as the principle of virtual work (Greenwood 1977, Moon
1998).

At a specific instant of time, we can introduce the virtual displacement δx =
vδt, where v is the velocity and δt is a virtual time increment. This allows us
to define the virtual work δWin = Pinδt and δWout = Poutδt where P = F · v
is the instantaneous power. The result is that Equation (9.2) becomes

(Pin − Pout)δt = 0. (9.3)

Thus, the usual assumption is that the machine does not dissipate power and
in every configuration the input and output instantaneous power are equal. Be-
cause power is force times velocity, we have that the mechanical advantage of
a machine is the inverse of its speed ratio. In the next section we examine this
in more detail.

2.1 Machine Topology

A machine is constructed from a variety of elements such as gears, cams,
linkages, ratchets, brakes, and clutches. Each of these elements can be reduced
to a set of links connected together by joints. Perhaps the simplest joint to
construct, though difficult to analyze, is the cam-and-follower formed by one
link pushing against a second follower link. In this case, the movement of the
output link depends on the shape of the contacting surfaces. In contrast, pure
rotary and sliding joints, and joints constructed from them, are considered sim-
ple joints because they are easy to analyze, though difficult to construct. These
two classes of joints are often termed higher and lower pairs, respectively,
(Reuleaux 1875, Waldron and Kinzel 1998).

Each component M of a machine is connected by a series of links and joints
to the base frame F of the device, and the topology of the system is presented as
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4 FORMAL ENGINEERING DESIGN SYNTHESIS

F M
B         B         B          B         B         1 2 3 4 5

Figure 9.1 The part M is connected to the base frame F by a series of links (vertices) and
joints (edges).
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Figure 9.2 A machine part is located in space by a sequence of frames consisting of axes Sj

and their common normals Aij .

a graph with the links as vertices and joints as edges (Kota 1993). For example,
the typical robot arm has the graph shown in Figure 9.1. The mathematical
relation that defines the position of each machine part M in the frame F is
called its kinematics equations.

2.2 Kinematics Equations

If we model the local geometry of higher-pair joints using rotary and sliding
joints, then the position of every component of a machine can be obtained
from a sequence of lines representing the axes Sj of equivalent revolute or
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Kinematic Synthesis 5

prismatic joints. Between successive joint axes, we have the common normal
lines Aij which together with the joint axes forms a serial chain, Figure 9.2.
This construction allows the specification of the location of the part relative to
the base of the machine by the matrix equation

[D] = [Z(θ1, ρ1)][X(α12, a12)][Z(θ2, ρ2)]...[X(αm−1,m, am−1,m)][Z(θm, ρm)],
(9.4)

known as the kinematics equations of the chain (Paul 1981, Craig 1989). The
set of all positions [D] obtained as the joint parameters vary over their range
of movement defines the workspace of the component, also called its configu-
ration space (Greenwood 1977, Arnold 1978).

The matrices [Z(θj, ρj)] and [X(αij , aij)] are 4 × 4 matrices that define
screw displacements around and along the joint axes Sj and Aij , respectively
(Bottema and Roth 1979). The parameters αij , aij define the dimensions
of the links in the chain. The parameter θj is the joint variable for revo-
lute joints and ρj is the variable for prismatic joints. The trajectory P(t)
of a point p in any part of a machine is obtained from the joint trajectory,
~θ(t) = (θ1(t), . . . , θm(t))T , so we have

P(t) = [D(~θ(t))]p. (9.5)

A single part is often connected to the base frame by more than one serial
chain, Figure 9.3. In this case we have a set of kinematics equations for each
chain,

[D] = [Gj ][D(~θj)][Hj ], j = 1, . . . , n, (9.6)

where [Gj ] locates the base of the jth chain and [Hj] defines the position of
its attachment to the part. The set of positions [D] that simultaneously satisfy
all of these equations is the workspace of the part. This imposes constraints on
the joint variables that must be determined to completely define its workspace
(McCarthy 1990, Tsai 1999).

2.3 Configuration Space

Configuration space is the set of values available to configuration parameters
of a mechanical system. For a serial chain it is the set of values available ~θ.
Configuration space is a fundamental tool in robot path planning for obstacle
avoidance (Lozano-Perez 1983). Though any link in the chain forming a robot
may hit an obstacle, it is the gripper that is intended to approach and move
around obstacles such as the table supporting the robot and the fixtures for
parts it is to pick up. Obstacles define forbidden positions and orientations in
the workspace which map back to forbidden joint angles in the configuration
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6 FORMAL ENGINEERING DESIGN SYNTHESIS

F M

B         B         B          B         B         

B         B         B          B         B         1,1 2,1 3,1 4,1 5,1

B         B         B          B         B         1,2 2,2 3,2 4,2 5,2
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Figure 9.3 A part M is often connected to the base frame F by parallel series of links and
joints.
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Kinematic Synthesis 7

space of the robot. Robot path planners seek trajectories to a goal position
through the free space around these joint space obstacles (Latombe 1991).

The map of joint space obstacles provides a convenient illustration of the
movement available to mechanical parts that are in close proximity (Joskowicz
and Sacks 1999). For this reason it has found applications far from robot path
planning, such as the modeling tolerances, assembly and fixtures.

2.4 Speed Ratios

The speed ratio for any component of a machine relates the velocity Ṗ of

a point P to the joint rates ~̇θ = (θ̇1, . . . , θ̇m)T . The velocity of this point is
given by

Ṗ = v + ~ω × (P − d), (9.7)

where d and v are the position and velocity of a reference point and ~ω is the
angular velocity of the part.

The vectors v and ~ω depend on the joint rates θ̇j by the formula

{

v

~ω

}

=





∂v
∂θ̇1

∂v
∂θ̇2

· · · ∂v
∂θ̇m

∂~ω

∂θ̇1

∂~ω

∂θ̇2
· · · ∂~ω

∂θ̇m















θ̇1
...
θ̇m











, (9.8)

or

V = [J ]~̇θ. (9.9)

The coefficient matrix [J ] in this equation is called the Jacobian and is a matrix
of speed ratios relating the velocity of the part to the input joint rotation rates
(Craig 1989, Tsai 1999).

2.5 Mechanical Advantage

If the machine component exerts a force F at the point P, then the power
output is

Pout = F · Ṗ =
m
∑

j=1

F ·

(

∂v

∂θ̇j
+
∂~ω

∂θ̇j
× (P − d)

)

θ̇j. (9.10)

Each term in this sum is the portion of the output power that can be associated
with an actuator at the joint Sj , if one exists.

The power input at joint Sj is the product τj θ̇j of the torque τj and joint
angular velocity θ̇j . Using the principle of virtual work for each joint we can
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8 FORMAL ENGINEERING DESIGN SYNTHESIS

compute

τj = F ·
∂v

∂θ̇j
+ (P − d) × F ·

∂~ω

∂θ̇j
, j = 1, . . . ,m. (9.11)

We have arranged this equation to introduce the six-vector F = (F, (P − d) ×
F)T which is the resultant force and moment at the reference point d.

The equations (9.11) can be assembled into the matrix equation

~τ = [JT ]F, (9.12)

where [J ] is the Jacobian defined above in (9.8). For a chain with six joints
this equation can be solved for the output force-torque vector F,

F = [JT ]−1~τ . (9.13)

Thus, we see that the matrix that defines the mechanical advantage for this sys-
tem is the inverse of the matrix of speed ratios. This is a more general version
of the statement that to increase mechanical advantage we must decrease the
speed ratio.

3. Simple Machines

Here we illustrate the basic issues of kinematic synthesis that we will discuss
in more detail later. The kinematics equations, the relation between mechanical
advantage and speed ratio and configuration space are easily developed for the
lever, wedge and planar RR chain (R denotes a revolute joint).

3.1 The Lever

A lever is a solid bar that rotates about a fixed hinge O called its fulcrum.
This serial chain and it has the kinematics equations

[D] = [Z(θ)], (9.14)

which define a pure rotation about the fulcrum. Its configuration parameter is
simply the rotation angle θ.

Let the input from a motor or applied force result in a torque Tin = F∈a
about the fulcrum, resulting in an output force at B. See Figure 9.4. If the
angular velocity of the lever is θ̇, then the velocity of B is vout = bθ̇, and the
principle of virtual work yields the relationship

(Finaθ̇ − Foutbθ̇)δt = 0, (9.15)

or,

Fout

Fin
=
a

b
. (9.16)
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Fout

θ

Fin

A

B

a

b

Figure 9.4 A lever is driven by a torque about its fulcrum to lift a load at B.

This is the well-known law of the lever which defines the mechanical advantage
of the lever. The speed ratio of the output to input is given by

vout

vin
=
bθ̇

aθ̇
=
b

a
, (9.17)

which is inverse of the mechanical advantage. This is the simplest example of
the relationship between the speed ratio and mechanical advantage.

3.2 The Wedge

A wedge is a right triangle with apex angle α that slides horizontally along
a flat surface and lifts a load vertically by sliding it along its inclined face and
against a vertical wall, Figure 9.5. This system consists of two parallel chains
that support a load. One consists of the PP chain formed by the wedge itself,
and the second P joint formed by load sliding against the wall (P denotes a
prismatic, or sliding, joint). The kinematics equations of the system are

[D] = [G1][Z(0, x)][X(α, 0)][Z(0, a)][H1 ]

and [D] = [G2][Z(0, y)][H2], (9.18)
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10 FORMAL ENGINEERING DESIGN SYNTHESIS

Fout

Fin
y

x

a

Figure 9.5 A wedge is driven in the x direction to slide a load along the y direction.

where [Gi] and [Hi] locate the base and moving frames for the two chains. The
horizontal slide x and vertical slide y define the configuration of the system

The configuration parameters x and y must satisfy a constraint equation
associated with the geometry of the two chains. The slide y is related to x by
the slope tanα of the wedge, that is

y = x tanα+ k, (9.19)

where k is a constant. This equation yields the speed ratio

ẏ

ẋ
= tanα. (9.20)

The principle of virtual work now yields

(Finẋ− Foutẏ)δt = 0, (9.21)

and we obtain the mechanical advantage

Fout

Fin
=

1

tanα
. (9.22)

The fundamental issues shown here for a lever and wedge appear in the kine-
matic synthesis of general serial and parallel robot systems. The primary con-
cerns are the workspace and mechanical advantage, or speed ratio, of the sys-
tem.

3.3 The Planar RR Chain

Mechanical systems, including robots that interact with the world, often
have components that make intermittent contact with other components. Thus,
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Left  Wall Right  Wall
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End-effector

Figure 9.6 A planar RR robot moves its end-effector between two walls.
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Figure 9.7 The joint angle values available to the robot are restricted by the presence of the
two walls.
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Kinematic Synthesis 13

the system may be either and open chain or a closed chain depending on the
contact configuration.

Perhaps the simplest system that illustrates this issue is an RR chain with
its rectangular end-effector moving between two walls. See Figure 9.6. The
position and orientation of the rectangle is defined by the joint variables θ and
φ, therefore its configuration space is two-dimensional. The configurations
excluded by the presence of the walls are said to define joint space obstacles.
We show only the quadrant 0 ≤ θ ≤ 180◦ and 0 ≤ φ ≤ 180◦ in Figure 9.7
with the free space in white.

The boundary curves of a joint space obstacle are defined by the modes of
contact of the end-effector and a wall. For obstacles and links that are poly-
gons and circles, the robot-obstacle system forms a planar linkage that can be
analyzed to determine this boundary (Ge and McCarthy 1989). For example,
when a vertex of the rectangular end-effector moves along the left wall from
position 1 to 2, as shown, the system forms a slider-crank linkage that is eas-
ily analyzed to determine φ(θ). Similar calculations can be done for spatial
polyhedra and spheres in contact in order to compute obstacle boundaries for
spatial systems (Ge and McCarthy 1990).

4. Serial Robots

A serial chain robot is a sequence links and joints that begins at a base and
ends with an gripper. See Figure 9.8. The position of the gripper is defined by
the kinematics equations of the robot, which generally have the form

[D] = [Z(θ1, ρ1)][X(α12, a12)][Z(θ2, ρ2)]...[X(α56, a56)][Z(θ6, ρ6)],
(9.23)

because the robot has six joints. The set of positions [D] reachable by the robot
is called its workspace.

The links and joints of a robot are usually configured to provide separate
translation and orientation structures. Usually, the first three joints are used
to position a reference point in space and the last three form the wrist which
orients the gripper around this point (Vijaykumar et al., 1987, Gupta 1987).
This reference point is called the wrist center. The volume of space in which
the wrist center can be placed is called the reachable workspace of the robot.
The rotations available at each of these points is called the dextrous workspace.

The design of a robot is often based on the symmetry of its reachable workspace.
From this point of view there are three basic shapes: rectangular, cylindrical
and spherical (Craig, 1989). A rectangular workspace is provided by three
mutually perpendicular sliding, or prismatic, joints which form a PPPS chain
called a Cartesian robot—S denotes a spherical wrist which allows all rota-
tions about its center point. A rotary base joint combined with a vertical and
horizontal prismatic joints forms a CPS chain with a cylindrical workspace—
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14 FORMAL ENGINEERING DESIGN SYNTHESIS

Figure 9.8 A serial robot is defined a set of joint axes Si and the common normals Aij be-
tween them.
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C denotes a rotary and sliding joint with the same axis. The P-joint can be
replaced by a revolute joint that acts as an elbow in order to provide the same
radial movement. Finally, two rotary joints at right angles form a T-joint at the
base of the robot that supports rotations about a vertical and horizontal axes.
Radial movement is provided either by a P-joint, or by an R-joint configured
as an elbow. The result is a TPS or TRS chain with a spherical workspace.

It is rare that the workspace is completely symmetrical because joint axes
are often offset to avoid link collision and there are limits to joint travel which
combine to distort the shape of the workspace.

4.1 Design Optimization

Another approach to robot design uses a direct specification of the workspace
as a set of positions for the end-effector of a robotic system (Chen and Burdick
1995, Chedmail and Ramstein 1996, Chedmail 1998, Leger and Bares 1998)
which we call the taskspace. A general serial robot arm has two design param-
eters, link offset and twist, for each of five links combined with four parameters
each that locate the base of the robot and the workpiece in its gripper, for a total
of 18 design variables. The link parameters are often specified so the chain has
a spherical wrist and specific workspace shape. The design goal is usually to
determine the workspace volume and locate the base and workpiece frames so
that the workspace encloses the specified taskspace.

The taskspace is defined by a set of 4×4 transformations [Ti], i = 1, . . . , k.
The problem is solved iteratively by selecting a design and using the associated
kinematics equations [D(~θ)] to compute the minimum relative displacements
[TiD

−1(~θi)]. The invariants of each of these relative displacements are used to
construct an objective function

f(r) =

k
∑

i=1

‖[TiD
−1(~θi)]‖. (9.24)

Parameter optimization yields the design parameter vector r that minimizes
this objective function.

Clearly, this optimization relies on the way the invariants are used to de-
fine of a distance measure between the positions reached by the gripper and
the desired workspace. Park (1995), Martinez and Duffy (1995), Zefran et
al., (1996), Lin and Burdick (2000) and others have shown that there is no
such distance metric that is coordinate frame invariant. This means that unless
this objective function can be forced to zero so the workspace completely con-
tains the taskspace, the resulting design will not be “geometric” in the sense
that the same design is obtained for any choice of coordinates.

If the goal is a design that best approximates the taskspace, then we cannot
allow both the location for the base frame of the robot and location of the work-
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16 FORMAL ENGINEERING DESIGN SYNTHESIS

piece in the gripper to be design variables. For example, in the above example,
if the location of the base of the robot is given then we can find a coordinate
invariant solution for the location of the workpiece in the gripper. On the other
hand, if the position of the workpiece is specified the entire formulation may
be inverted to allow a coordinate frame invariant solution for the location of
the base frame (Bobrow and Park 1995).

4.2 4 × 4 Transforms as 4 × 4 Rotations

Etzel and McCarthy (1996) and Ahlers and McCarthy (2000) embed 4 × 4
homogeneous transformations in the set of 4 × 4 rotation matrices in order to
provide the designer control over the error associated with coordinate frame
variation within a specific volume of the world that contains the taskspace.

Consider the 4 × 4 screw displacement about the Z axis defined by

[Z(θ, ρ)] =









cos θ − sin θ 0 0
sin θ cos θ 0 0

0 0 1 ρ
0 0 0 1









. (9.25)

This defines a rigid displacement in the three-dimensional hyperplane x4 =
1 of four dimensional Euclidean space, E4. The same displacement can be
defined in parallel hyperplanes, x4 = R, simply by dividing the translation
component by R, that is

[Z(θ, ρ)] =









cos θ − sin θ 0 0
sin θ cos θ 0 0

0 0 1 ρ
R

0 0 0 1









. (9.26)

This matrix can be viewed as derived from the 4 × 4 rotation:

[Z(θ, γ)] =









cos θ − sin θ 0 0
sin θ cos θ 0 0

0 0 cos γ sin γ
0 0 − sin γ cos γ









. (9.27)

where tan γ = ρ/R. This formalism views spatial translations as rotations of
small angular values. The error ε associated with this approximation is less
than

√

L/R where L is the maximum dimension of the world space.
The result is an optimization strategy that computes both the base and work-

piece frames yielding essentially the same design for all coordinate changes
within the given volume of space. This approach also provides the opportunity
to tailor the number of joints in the chain and set the values of internal link
parameters to fit a desired task.
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4.3 Speed Ratios

A six axis robot has a 6× 6 Jacobian [J ] obtained from (9.8) that is an array
of speed ratios relating the components of the velocity v of the wrist center
and the angular velocity ~ω of the gripper to each of the joint velocities. The
principle of virtual work yields the relationship

F = [JT ]−1~τ , (9.28)

which defines the force-torque F exerted at the wrist center in terms the torque
applied by each of the actuators. The link parameters of the robot can be
selected to provide a Jacobian [J ] with specific properties.

The sum of the squares of the actuator torques of robot is often used as a
measure of “effort” (Gosselin 1998, Albro et al., 2000). From (9.28) we have

~τT~τ = FT [J ][JT ]F. (9.29)

The matrix [J ][JT ] is square and positive definite. Therefore, it can be viewed
as defining an hyper-ellipsoid in six-dimensional space (Shilov 1974). The
lengths of the semi-diameters of this ellipsoid are the inverse of the absolute
value of the eigenvalues of the Jacobian [J ]. These eigenvalues may be viewed
as “modal” speed ratios that define the amplification associated with each joint
velocity. Their reciprocals are the associated “modal” mechanical advantage,
so the shape of this ellipsoid illustrates the force amplification properties of the
robot.

The ratio of the largest of these eigenvalues to the smallest, called the con-
dition number, gives a measure of the anisotropy or “out-of-roundness” of the
ellipsoid. A six-sphere has a condition number of one and is termed isotropic.
When the gripper of a robot is in a position with an isotropic Jacobian there
is no amplification of the speed ratios or mechanical advantage. This is con-
sidered to provide high-fidelity coupling between the input and output because
errors are not amplified (Salisbury and Craig 1982, Angeles and Lopez-Cajun
1992). Thus, the condition number is used as a criterion in a robot design
(Angeles and Chablat 2000).

In this case, it is assumed that the basic design of the robot provides a
workspace that includes the taskspace. Parameter optimization finds the in-
ternal link parameters that yield the desired properties for the Jacobian. As
in minimizing the distance to a desired workspace, optimization based on the
Jacobian depends on a careful formulation to avoid coordinate dependency.

5. Parallel Robots

A robotic system in which two or more serial chain robots support an end-
effector is called a parallel robot. Each of the serial chains must have six
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18 FORMAL ENGINEERING DESIGN SYNTHESIS

Figure 9.9 A parallel robot can have as many as six serial chains that connect a platform to
the base frame.

degrees-of-freedom, however, in general only a total of six joints in the entire
system are actuated. A good example is the Stewart platform formed from
six TPS robots in which usually only the P-joint in each chain is actuated,
Figure 9.9 (Fichter 1987, Tsai 1999, Merlet 1999).

The kinematics equations of the TPS legs are

[D] = [Gj ][D(~θj)][Hj ], j = 1, . . . , 6, (9.30)

where [Gj ] locates the base of the leg and [Hj] defines the position of its attach-
ment to the end-effector. The set of positions [D] that simultaneously satisfy
all of these equations is the workspace of the parallel robot.

Often the workspace of an individual chain of a parallel robot can be defined
by geometric constraints. For example, a position [D] is in the workspace of
the jth supporting TPS chain if it satisfies the constraint equation

([D]qj − Pj) · ([D]qj − Pj) = ρ2

j . (9.31)

This equation defines the distance between the base joint Pj and the point of
attachment Qj = [D]qj to the platform as the length ρj is controlled by the
actuated prismatic joint. In this case the workspace is the set of positions [D]
that satisfy all six equations, one for each leg.
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5.1 Workspace

The workspace of a parallel robot is the intersection of the workspaces of the
individual supporting chains. However, it is not the intersection of the reach-
able and dextrous workspaces separately. These workspaces are intimately
combined in parallel robots. The dextrous workspace is usually largest near
the center of the reachable workspace and shrinks as the reference point moves
toward the edge. A focus on the symmetry of movement allowed by supporting
leg designs has been an important design tool resulting in many novel parallel
designs (Hervé 1977, 1999). Simulation of the system is used to evaluate its
workspace in terms of design parameters.

Another approach is to specify directly the positions and orientations that
are to lie in the workspace and solve the algebraic equations that define the leg
constraints to determine the design parameters (Murray et al., 1997, Murray
and Hanchak 2000). This yields parallel robots that are asymmetric but have a
specified reachable and dextrous workspace.

5.2 Mechanical Advantage

The force amplification properties of a parallel robot are obtained by con-
sidering the Jacobians of the individual supporting chains. Let the linear and
angular velocity of the platform be defined by the six-vector V = (v, ~ω)T , then
from the kinematics equations of each of the support legs we have

V = [J1]~̇ρ1 = [J2]~̇ρ2 = · · · = [J6]~̇ρ6. (9.32)

Here we assume that the platform is supported by six chains, but it can be less.
This occurs when the fingers of a mechanical hand grasp an object (Mason and
Salisbury 1985).

The force on the platform applied by each chain is obtained from the prin-
ciple of virtual work as

Fj = [JTj ]−1~τj, j = 1, . . . , 6. (9.33)

There are only six actuated joints in the system so we assemble the associated
joint torques into the vector ~τ = (τ1, . . . , τ6)

T . If Fi is the force-torque ob-
tained from (9.33) for τij = 1, then, the resultant force-torque W applied to
the platform is

W = [F1,F2, · · · ,F6]~τ , (9.34)

or

W = [Γ]~τ . (9.35)
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The elements of the coefficient matrix [Γ] define the mechanical advantage for
each of the actuated joints. In the case of a Stewart platform the columns of this
matrix are the Plücker coordinates of the lines along each leg (Merlet 1989).

The principle of virtual work yields the velocity of the platform in terms of
the joints rates ~̇ρ as

[Γ]TV = ~̇ρ. (9.36)

Thus, the inverse of [Γ] defines the speed ratios between the actuated joints
and the end-effector. The same equation can be obtained by computing the
derivative of the geometric constraint equations (9.31), and [Γ] is the Jacobian
of the parallel robot system (Kumar 1992, Tsai 1999).

The Jacobian [Γ] is used in parameter optimization algorithms to design par-
allel robots (Gosselin and Angeles 1988) with isotropic mechanical advantage.
The square root of the determinant |[Γ][Γ]T | measures the six-dimensional vol-
ume spanned by the column vectors Fj . The distribution of the percentage of
this volume compared to its maximum within the workspace is also used as a
measure of the overall performance (Lee et al., 1996, 1998). A similar perfor-
mance measure normalizes this Jacobian by the maximum joint torques avail-
able and the maximum component of force and torque desired, and then seeks
an isotropic design (Salcudean and Stocco 2000).

6. Linkage Design Theory

An assembly links and joints, which is our general definition of a machine,
can be called a linkage. However, this term is generally restricted to ma-
chine elements that have much less than the six-degrees-of-freedom typical
of a robotic system. Often they are one degree-of-freedom single-input-single-
output devices such as the four-bar linkage.

The kinematic synthesis theory presented above for robots is actually a gen-
eralization of an approach originally developed for linkages. Beginning with
a set of task positions, Burmester (1886) obtained an exact geometric solution
to the constraint equations of a planar RR chain which he then assembled into
a four-bar linkage. This has grown into a rich theory for the exact solution of
the geometric constraint equations for RR and RP planar chains, RR spherical
chains, and TS, CC and RR spatial chains. See Chen and Roth (1967) and Suh
and Radcliffe (1978).

6.1 The Spatial RR Chain

The principles of kinematic synthesis of linkages can be seen in the direct
solution of the constraint equations of an RR chain. Figure 9.10 shows a spa-
tial RR chain, which can be considered the simplest robot. It has 10 design
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Figure 9.10 A spatial RR chain.

parameters, four for the fixed axis G and the moving axis W and the offset ρ
and twist angle α.

The kinematics equations of the spatial RR chain are given by

[D] = [G][Z(θ, 0)][X(α, ρ)][Z(φ, 0)][H], (9.37)

which define its workspace. Choose a reference position [D1] and right trans-
late the entire workspace to obtain

[D1k] = [D][D1]
−1 =

([G][Z(θ, 0)][X(α, ρ)][Z(φ, 0)][H])([G][Z(θ1 , 0)][X(α, ρ)][Z(φ1 , 0)][H])−1.
(9.38)

This equation can be simplified to obtain

[D1k] = [T (∆θ,G)][T (∆φ,W)], (9.39)

where

[T (∆θ,G)] = [G][Z(∆θ, 0)][G]−1,

[T (∆φ,W)] = ([G][[Z(θ1, 0)][X(α, ρ)])[Z(∆φ, 0)]([G][[Z(θ1 , 0)][X(α, ρ)])−1 .
(9.40)

This defines the workspace of the RR chain as the composition of a rotation
about the moving axis W in its reference position followed by a rotation about
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the fixed axis G, (∆θ = θ − θ1 and ∆φ = φ − φ1 measure the rotation from
the reference position).

To design a spatial RR chain we determine G, W, α and ρ such that (9.39)
includes the desired taskspace. The general case requires the solution of 10
algebraic equations in 10 unknowns. We can simplify the presentation signifi-
cantly by restricting attention to planar RR chains for which the axes G and W

are parallel, which means the twist angle α = 0.

6.2 The Planar RR Chain

If G and W are parallel, then they can be located in the plane perpendicular
to their common direction by the coordinates P = (x, y)T and Q = (λ, µ)T .
The kinematics equations of the chain become

[D1k] = [T (∆θ,P)][T (∆φ,Q)], (9.41)

which is the composition of rotations parallel to this plane about the points Q

then P.
The workspace of this chain can also be defined as the set of displacements

[D1k] that satisfy the algebraic equation

([D1k]Q − P)T ([D1k]Q − P) = ρ2. (9.42)

This is the geometric constraint that the displaced moving pivot [D1k]Q must
remain at a constant distance ρ from the fixed pivot P.

We use Equation (9.42) to directly determine the five design parameters r =
(x, y, λ, µ, ρ). This is done by evaluating this equation at five task positions
[Ti], i = 1, . . . , 5, so we have

([D1i]Q − P)T ([D1i]Q − P) = ρ2, i = 1, . . . , 5. (9.43)

The result is a set of five equations in the five unknown design parameters.
The distance ρ is easily eliminated by subtracting the first equation from the
remaining four. This also cancels the squared terms u2, v2, λ2 and µ2. The
resulting four equations are bilinear in the variables (x, y) and (λ, µ), and can
be written as









A2(x, y) B2(x, y)
A3(x, y) B3(x, y)
A4(x, y) B4(x, y)
A5(x, y) B5(x, y)
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}
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C2(x, y)
C3(x, y)
C4(x, y)
C5(x, y)















. (9.44)

In order for this equation to have a solution, the four 3 × 3 minors of the aug-
mented coefficient matrix must all be identically zero. This yields four cubic
equations in the coordinates x and y of the fixed pivot. These cubic equa-
tions can be further manipulated to yield a quartic polynomial in x (McCarthy
2000). Each real root of this polynomial defines a planar RR chain that reaches
the five specified task positions.
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6.3 Design Software

Kaufman (1978) was the first to transform this mathematical result into an
interactive graphics program for linkage design called KINSYN. He used a
modified game controller to provide the designer the ability to input a set of
task positions. An important feature of this software was the decision to only
allow the designer to specify four, not five, positions. Rather than obtain a finite
number of RR chains, his software determined the cubic curve of solutions
known as the center-point curve. This curve is obtained by setting the minor
obtained from the first three equations in (9.44) to zero. Kaufman’s software
would ask the designer to select two points on this curve in order to define
two RR chains that it assembled into the one degree-of-freedom 4R linkage,
or four-bar linkage. Analysis routines evaluate the performance of the design
and provide a simulation of its movement.

Erdman and Gustafson (1977) introduced LINCAGES which, like KIN-
SYN, focused on four task positions for the design of a 4R planar linkage.
This software introduced a “guide map” which displayed the characteristics
of every four-bar linkage that could be constructed from points on the center-
point curve. This software was extended by Chase et al., (1981) to design an
additional 3R chain to form a six-bar linkage.

Waldron and Song (1981) introduced the design software RECSYN which
again sought 4R closed chains that guide a body through three or four task po-
sitions. Their innovation was an analytical formulation that ensured the linkage
would not “jam” as it moved between the design positions. In linkage design
a jam is equivalent to hitting a singular configuration in a robot which occurs
when the determinant of the Jacobian becomes zero. An important feature of
this software was the growing reliance on graphical communication of geo-
metric information regarding the characteristics of the available set of designs.

Larochelle et al., (1993) introduced the “Sphinx” software for the design
of spherical 4R linkages, which can be viewed as planar 4R linkages that are
bent onto the surface of a sphere. A spherical RR chain is obtained when the
link offset is ρ = 0, Figure 9.11. The fixed and moving axes of spherical RR
chains are defined by the unit vectors G = (x, y, z)T and W = (λ, µ, ν)T .
The workspace of relative rotations [A1k] reachable by this chain is defined by
the algebraic equation

GT [A1k]W = cosα. (9.45)

This equation is evaluated at five specified task orientations to obtain equations
that are essentially identical to (9.44) and solved in the same way (McCarthy
2000).

Following the pattern established by KINSYN and LINCAGES, Sphinx
asks the designer to specify four task orientations, and then generates the
center-axis cone, which is the spherical equivalent of the center-point curve.
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Figure 9.11 A spherical RR chain.

The software also computes a “type map” which classifies via color coding the
movement of every 4R chain that can be constructed from pairs of axes on this
cone. The typemap also included filters that eliminated designs with known
defects. A later version of this software called SphinxPC also included pla-
nar 4R linkage design (Ruth and McCarthy 1997). The display and typemap
windows of SphinxPC are shown in Figure 9.12.

The three dimensional nature of the interaction needed for spherical 4R link-
age design presents severe visualization challenges. The designer finds that
specifying a task as a set of spatial orientations is an unfamiliar experience.
Furlong et al., (1998) used immersive virtual reality in their software IRIS to
enhance this interaction.

Larochelle (1998) introduced the SPADES software which provided inter-
active design for a truly spatial linkage system, the 4C linkage, for the first
time. A CC chain is the generalized robot link that allows both rotation about
and sliding along each axis. Let G = (G,P × G)T and W = (G,Q × W)T

be the Plücker coordinates locating the fixed and moving axes in space. The
workspace of this chain can be defined as the displacements [D1k] that satisfy
the pair of geometric constraints,

GT [A1k]W = cosα,

(P × G)T [A1k]W + GT [D1k](Q × W) = −ρ sinα. (9.46)
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Figure 9.12 The desktop of the spherical linkage design software SphinxPC.

These equations constrain the link parameters α and ρ to be constant for every
position of the moving frame. There are 10 design parameters consisting of
four parameters for each of the two axes, the link offset ρ and twist angle α.

By evaluating the two constraint equations at each of five task positions, we
obtain 10 equations in 10 unknowns. Five of these are identical to those used
for the synthesis of spherical RR chains and can be solved to determine the di-
rections G and W. The remaining five equations are linear in the components
of P × G and Q × W and are easily solved.

SPADES generates the center-axis congruence which is the set of spatial CC
chains that reach four spatial task positions. It then assembles pairs of these
chains into two degree-of-freedom 4C linkages. This software demonstrates
the significant visualization challenge that exists in the specification of spatial
task frames and evaluation of candidate designs.

These linkage design algorithms ensure that the workspace of each link-
age includes the specified taskspace. However, in each case the designer is

D R A F T 4:52 PM, MARCH 27, 2001 D R A F T



26 FORMAL ENGINEERING DESIGN SYNTHESIS

Figure 9.13 The CC open chain robot.

expected to search performance measures and examine simulations for many
candidate designs in order to verify the quality of movement between the indi-
vidual task positions.

6.4 The TS Chain

Another example of the challenge inherent in the kinematic synthesis of
spatial chains is found in the design of the TS chain, Figure 9.14. This chain
has the workspace defined by the algebraic equation,

([D1k]Q − P)T ([D1k]Q − P) = ρ2. (9.47)

There are seven design parameters, the six coordinates of P = (x, y, z)T and
Q = (λ, µ, ν)T that define the centers of the T and S joints, respectively, and
the length ρ. Therefore, we can evaluate this equation at seven spatial positions.
The result, however, is that we can compute as many as 20 TS chains (Innocenti
1995). If these are assembled into the single-degree-of-freedom 5TS linkage,
Figure 9.15, then over 15,000 designs must be analyzed which is an extreme
computational burden (Liao and McCarthy 1999). Prototype software shows
that it is remarkably difficult for a designer to specify seven spatial positions
and obtain a useful design.
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Figure 9.14 The TS open chain robot.

Recent research has focussed on developing higher resolution tasks and pro-
viding methods for fitting a low dimensional workspace to a general taskspace.

6.5 Task Specification

The workspace of a linkage is a subset of the group of all spatial displace-
ments, denoted SE(3), reachable by a workpiece, or end-effector, of the system.
The taskspace is a discrete set of points in SE(3) that located key-frames, or
precision positions, that the linkage must reach. Research in motion interpo-
lation has provided techniques to generate smooth trajectories through a set of
key-frames using Bezier-style methods.

Bezier interpolation is used in computer drawing systems to generate curves
through specified points (Farin 1997). Shoemake (1985) shows that this tech-
nique can be used to interpolate rotation key frames specified by quaternion
coordinates (Hamilton 1860). Ge and Ravani (1994) generalized Shoemake’s
results using dual quaternions to interpolate spatial displacements, and Ge and
Kang (1995) refined this approach to ensure smooth transitions at each key
frame. The result is an efficient method to specify task trajectories in the mani-
fold SE(3) (Figure 9.16); see McCarthy (1990) for a discussion of quaternions
and dual quaternions as Clifford Algebras which represent the groups of rota-
tions SO(3) and spatial displacements SE(3), respectively.
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Figure 9.15 The 5-TS platform linkage.

Ahlers and McCarthy (2000) show that the Clifford Algebra of 4 × 4 ro-
tations provides an efficient method for specifying spatial trajectories using
double quaternion equations. In McCarthy and Ahlers (2000) they design spa-
tial CC chains for discrete subsets of a double quaternion trajectory, and select
the design that best fits the overall trajectory. This procedure combines an an-
alytical solution for the fixed and moving axes with an optimization procedure
that bounds the error associated with coordinate transformations in both the
fixed and moving frames. This strategy was applied to the design of spatial RR
robots in Perez and McCarthy (2000), Figure 9.17.

7. Mechanism design

So far we have restricted our attention to isolated mechanisms consisting
of lower-pair joints permanently attached together. In general, rigid-body sys-
tems consist of parts whose contacts are more complex and change with time.
These systems include linkages moving in workspaces with obstacles, mech-
anisms consisting of cams, gears, geneva wheels and other higher pairs, and
general assemblies of rigid bodies (Tsai 1993, Norton 1993). The key issue for
kinematic analysis and synthesis of these systems is contact analysis.

Contact analysis determines the positions and orientations at which the parts
of a system touch and the ways that the touching parts interact. The interactions
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Figure 9.16 Spatial tasks can be specified using Bezier motion interpolation.
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Figure 9.17 The workspace of a spatial RR robot is a manifold can be fit to a desired trajectory
by adjusting its design parameters.
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consist of constraints on the part motions that prevent them from overlapping.
The constraints are expressed as algebraic equations that relate the part coordi-
nates. For example, a ball rolling down a 45 degree slope obeys the constraint
x − y = r, where x and y are the coordinates of the ball’s center point and r
is the ball radius. The constraints are a function of the shapes of the touching
part features (vertices, edges, and faces), hence they change when one pair of
features breaks contact and another makes contact.

To illustrate contact analysis and its role in design, consider the ratchet
mechanism in Figure 9.18. The mechanism has four moving parts and a fixed
frame. The driver, link, and ratchet are attached to the frame by revolute joints.
The pawl is attached to the link by a revolute joint and is attached to a spring
(not shown) that applies a counterclockwise torque around the joint. A motor
rotates the driver with constant angular velocity, causing the link pin to move
left and right. This causes the link to oscillate around its rotation point, which
moves the pawl left and right. The leftward motion pushes a ratchet tooth,
which rotates the ratchet counterclockwise. The rightward motion frees the
pawl tip from the tooth, which allows the spring to rotate the pawl to engage
the next tooth.

Kinematic analysis and synthesis of the ratchet mechanism requires con-
tact analysis. We need to determine if the link oscillates far enough, if the
pawl pushes the ratchet teeth far enough, if the system can jam, and so on. In
the driver/link pair, the link pin interacts with the inner and outer driver pro-
files, creating a positive drive with small play. The ratchet/pawl pair is much
harder to design because the part shapes and contact sequences are complex
and because the pawl can translate horizontally, translate vertically, and rotate,
whereas the other parts just rotate. We also need to validate intended interac-
tions among all the parts, such as the indirect relation between the driver and
the ratchet, and must rule out interference, such as the pawl hitting the frame.

Contact analysis is best understood in the framework of configuration space.
Configuration space is a geometric representation of rigid body interaction that
is widely used in robot motion planning (Latombe 1991). The configuration
space of a mechanical system describes all possible part interactions. It en-
codes quantitative information, such as part motion paths, and qualitative in-
formation, such as system failure modes. It provides a framework within which
diverse design tasks can be performed, as we explain next.

7.1 Configuration space

We study contact analysis within the configuration space representation of
rigid-body interaction. The configuration space of a system of rigid parts is a
parameter space whose points specify the spatial configurations (positions and
orientations) of the parts. The parameters usually represent part translations
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Ratchet

Pawl

Driver

Link

Figure 9.18 Ratchet mechanism: (a) pawl advancing ratchet; (b) pawl fully advanced; (c)
pawl retracting. White circles indicate revolute joints.
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Figure 9.19 Pairwise configuration parameters coordinates: (a) absolute coordinates, (b) rel-
ative coordinates.

and rotations, but can be arbitrary generalized coordinates. The configuration
space dimension equals the number of independent part motions, called de-
grees of freedom of the system.

We begin by studying a mechanical system consisting of a pair of planar
parts. We attach reference frames to the parts and define the configuration of a
part to be the position and orientation of its reference frame with respect to a
fixed global frame. Figure 9.19a shows planar parts A and B, their reference
frames, and their configurations (xa, ya, θa) and (xb, yb, θb). The configuration
space of the pair is the Cartesian product, (xa, ya, θa, xb, yb, θb), of the part
configurations. The configuration space coordinates represent three degrees of
freedom of each part.

An alternative representation is to describe the relative position and orienta-
tion of part A with respect to B, which is fixed and whose reference frame is at
the origin of the axes, as illustrated in Figure 9.19b. In this case, three relative
parameters (u, v, ψ) uniquely describe the relative position of A with respect
to B. The relation between the absolute and relative coordinate systems is:

u = (xa − xb) cos θb + (ya − yb) sin θb
v = (ya − yb) cos θb − (xa − xb) sin θb
ψ = θa − θb.

(9.48)

The configuration space dimension for planar pairs is six for absolute co-
ordinates, and three for relative coordinates. For spatial pairs, it is twelve for
absolute coordinates and six for relative coordinates. Other useful parameteri-
zations include quaternions for spatial rotations (Bottema and Roth 1979) and
Clifford Algebras parameterization of planar and spatial displacements that
yield algebraic surfaces that represent geometric constraints (McCarthy 1990,
Collins and McCarthy 1998, Ge et al., 1998).
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Contact analysis is simplified by considering only the varying configura-
tion parameters. In mechanisms, parts frequently have less than six degrees of
freedom. The fixed degrees of freedom correspond to constant configuration
parameter values. Mathematically, this corresponds to projecting the higher-
dimensional configuration space into a lower dimensional space with identical
properties. For example, in the ratchet mechanism, the ratchet and the driver
are mounted on fixed axes, so only their orientation varies. A two-dimensional
configuration space, showing the dependence between the two orientation pa-
rameters fully describes the contacts between them.

Configuration space partitions into three disjoint sets that characterize part
interaction: blocked space where the parts overlap, free space where they do
not touch, and contact space where they touch. Contact space is the common
boundary of free and blocked spaces. Free and blocked space are open sets
whose dimension is identical to that of the configuration space, whereas the
dimension of contact space is one lower. Intuitively, free and blocked space are
open because disjoint or overlapping parts remain so under all small motions,
whereas contact space is closed because touching parts separate or overlap
under some small motions.

We illustrate these concepts with a simple example: a block that moves in
a fixed frame. In Figure 9.20a, the frame is fixed at the global origin, so we
can ignore its coordinates from the configuration space and consider only the
block coordinates (u, v, ψ) relative to the block origin. Assume first that the
block translates in the displayed orientation without rotating. This yields a
two-dimensional configuration space whose parameters are the horizontal and
vertical parameters u and v (Figure 9.20b). The gray region is blocked space,
the white region is free space, and the black lines are contact space. The dot in
free space marks the displayed position of the block. Free space divides into a
central rectangle where the block is inside the frame, an outer region where it is
outside, and a narrow connecting rectangle where it is partly inside. The con-
tact constraints (lines in this case) bounding these regions represent contacts
between the vertices and edges of the block and the frame. Typical configu-
rations on each region are shown in Figure 9.20b on the left. A collision-free
motion of the block corresponds to a continuous path in free and contact space.
Changing the orientation of the block yields configuration spaces with differ-
ent topologies, as shown in Figures 9.20b, c, d, and e). Note that the free space
consists now of two disconnected inside and outside regions because the block
does not fit through the frame opening and thus cannot exit the inner region as
before.

Consider now the same example, but with the block orientation varying.
The configuration space becomes three dimensional with rotation coordinate ψ
varying from −π to π. Contact space is now two-dimensional, and is formed
by contact patches, as shown in Figure 9.21. Typical configurations for three
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Figure 9.20 A translating block moving around a fixed frame at fixed orientations and their
corresponding configuration spaces: vertical orientation (top), horizontal (middle) and slanted
(bottom).
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Figure 9.21 Contact space for block with three degrees of freedom—each shade of gray de-
notes a contact patch.
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patches are shown on the left. To understand this space, consider it as a stack
of planar slices along the rotation axis. Each slice is the configuration space
of a block that translates at a fixed orientation, such as the three examples in
Figure 9.20b, d, and e. The full space is the union of the slices. The free
space consists of an outer region, two inner regions, and two connecting chan-
nels near ψ = ±π/2 where the block is nearly vertical. The outer envelope
is the union of the outer regions, the inner envelope is the union of the inner
rectangles, and the channels are the union of the connecting regions. Blocked
space is the region between the envelopes and outside the channels. Contact
boundaries, where contact patches intersect, correspond to simultaneous fea-
ture contacts.

Whatever its dimension, the configuration space of a pair is a complete rep-
resentation of the part contacts. Any contact question is answerable by a con-
figuration space query. For example, testing if parts overlap, do not touch, or
are in contact in a given configuration corresponds to testing if the configu-
ration point is in blocked, free, or contact space. Contacts between pairs of
features correspond to contact constraints (curve segments in two dimensions
and surface patches in three). The constraints’ geometry encode the motion
constraints. Their boundaries encode the contact change conditions. Part mo-
tions correspond to paths in configuration space. A path is legal if it lies in free
and contact space, but illegal if it intersects blocked space. Contacts occur at
configurations where the path crosses from free to contact space, break where
it crosses from contact to free space, and change where it crosses between
neighboring contact constraints.

The configuration space representation generalizes from pairs of parts to
systems with more than two parts. A mechanical system of n parts has a
6n-dimensional configuration space whose points specify the n part config-
urations. A system configuration is free when no parts touch, is blocked when
two parts overlap, and is in contact when two parts touch and no parts overlap.
The mechanical system configuration space can be obtained by combining the
configuration spaces of its pairs (Sacks and Joskowicz 1991), since the sys-
tem is a collection of kinematic pairs (Reuleaux 1875). System configuration
spaces allow us to analyze multi-part interactions but are difficult to compute.

7.2 Configuration spaces of the ratchet
mechanism

We illustrate how pairwise configuration spaces are used in kinematic anal-
ysis and synthesis on the ratchet mechanism of Figure 9.18. There are four
interacting pairs: driver/link, link/pawl, pawl/ratchet, and pawl/frame. The
link/pawl pair is a revolute joint, and thus has a simple relationship: the pawl
is constrained to rotate around the pin axis. The driver/link configuration space
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Figure 9.22 Driver/link pair and its configuration space.

is two-dimensional because both are pinned by revolute joints to the base. The
pawl/frame and pawl/ratchet configuration spaces are three-dimensional, since
the pawl has three degrees of freedom.

Figure 9.22 shows the configuration space of the driver/link pair. The con-
figuration space coordinates are the driver orientation θ and the link orientation
ω. The upper and lower contact curves represent contacts between the cylin-
drical pin and the outer and inner cam profiles. The free space is the region in
between. As the driver rotates from θ = −π to θ = 0, its inner profile pushes
the link pin right, which rotates the link counter-clockwise from ω = −0.47
radians to ω = 0.105 radians. As the driver rotates from θ = 0 to θ = π, the
pin breaks contact with the inner profile and makes contact with the outer one,
which pulls it left and rotates the link clockwise. The configuration follows
the lower contact curve from θ = −π to 0, travels horizontally through free
space until it hits the upper contact curve, and follows it to π. The free play is
determined by the distance between the curves. Changes in shape and position
parameters change the play and can induce blocking.

Figure 9.23 shows the ratchet/pawl pair, a slice of its three-dimensional con-
figuration space, and the three-dimensional contact space of the ratchet mov-
ing relative to the pawl. To best understand the figure, consider first the two-
dimensional slice in Figure 9.23b, which shows how the ratchet translates in
the displayed orientation. The dot marks the displayed position of the ratchet
relative to the pawl. It lies on a contact curve that represents contact between
the pawl tip and the side of a ratchet tooth. The right end of the curve is the
intersection point with a second contact curve that represents contact between
the left corner of the pawl and the next tooth counter-clockwise. The ratchet
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can maintain this contact while translating right until the second contact occurs
and further translation is blocked. The topology of the slice is preserved when
the orientation of the pawl changes slightly, as can be seen in the contact space
Figure 9.23c. Changes in the orientation of the teeth and the ratchet’s center of
rotation can change the kinematic function of the pair.

7.3 Configuration space computation

Robotics research confirms the empirically observed difficulty of contact
analysis with formal proofs that configuration space computation is worst-case
exponential in the number of degrees of freedom (Latombe 1991). Despite this
result, contact analysis is manageable in practice because mechanical systems
have characteristics that distinguish them from arbitrary collections of parts.
Mechanism parts usually only interact with a few neighboring parts, are con-
nected by simple joints, have few degrees of freedom, or consist of symmetric
patterns of feature groups, e.g., gear teeth. Typical systems have only one or
two true degrees of freedom, not many. The challenge is to exploit these prop-
erties to develop specialized algorithms for important classes of mechanical
systems and design tasks.

The robotics literature contains many configuration space computation al-
gorithms (Latombe 1991), although most are restricted to pairs of polygons
and polyhedra. Special-purpose contact analysis methods for gears and cams,
for which the contact sequence is known, are described in Angeles and Lopez-
Cajun 1991, Gonzales and Angeles 1993 and Litvin (1994). Other higher pairs
can be classified as planar or spatial and as fixed-axes (one degree of free-
dom per part) or general. Fixed-axes planar pairs are by far the most common,
followed by fixed-axes spatial pairs and by planar pairs with three degrees of
freedom according to a survey of more than 2,500 mechanisms from an ency-
clopedia (Sacks and Joskowicz 1991). General spatial higher pairs with six de-
grees of freedom are rare. Efficient algorithms for computing two-dimensional
configuration spaces of planar fixed axes pairs whose shapes are formed by arc
and line segments (Sacks and Joskowicz 1995), and for fixed-axes spatial pairs
whose shapes are formed by planar, cylindrical, and spherical patches bounded
by line segments and circular arcs (Drori et al., 1999) are available. Sacks
(Sacks 1998) describes an algorithm for computing three-dimensional configu-
ration spaces of general planar pairs with which the figures of this section were
generated. There are no algorithms computing the configuration space of gen-
eral spatial pairs with six degrees of freedom, although robot motion planning
research provides algorithms for a polyhedral robot moving amidst fixed poly-
hedral obstacles (Donald 1987; Joskowicz and Taylor 1996; Latombe 1991).

Configuration space computation consists of partitioning the configuration
space of a pair of interacting parts into free, contact, and blocked space. The
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Figure 9.23 (a) Ratchet/pawl pair; (b) configuration space slice at ψ = 0.277 radians; (c)
contact space; the inner region is blocked space, the outer region free space.
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geometric algorithms proceed in two steps: (1) compute the contact constraints
for each pair of part features, and (2) compute the partition of the configuration
space induced by the contact constraints. We describe each step briefly next.

7.3.1 Contact constraints. The contact constraints are the config-
urations in which the features would touch if there were no other features to
interfere. Contact constraints depend on the types of features in contact and
on the part motion. For example, the contact constraints generated by trans-
lating line segments are line segments, as illustrated in Figure 9.20b. There is
one contact constraint for each combination of part features and motions. For
example, there are 16 types of contact constraints for contact constraints for
fixed-axes pairs whose parts are polygons, corresponding to all combinations
of point and line segment feature pairs and all combinations of rotation and
translation motions. The contact constraints are algebraic equalities specifying
the contact function and and inequalities specifying the contact boundary con-
ditions. They are curves for two-dimensional configuration spaces (fixed-axes
pairs) and patches for three-dimensional configuration spaces (general planar
pairs).

Contact constraints can be systematically derived for each combination and
stored in parametric form in a table. The parameters are the geometric char-
acteristics of the part features, such as the line segment slope and the arc ra-
dius and origin. To obtain the contact constraints of a given feature pair, we
substitute the geometric parameters and obtain contact functions and contact
inequalities. The derivation of the contact constraints proceeds by formulating
the geometric conditions for the features to be in contact, and then substituting
the configuration parameters into these expressions to obtain algebraic func-
tions.

We illustrate contact constraint derivation for general planar pairs whose
shapes are formed by arc and line segments. There are three types of con-
tact constraints, corresponding to the types of features in contacts and their
motions: moving arc/fixed line, moving line/fixed arc, and moving arc/fixed
arc. Contacts involving points are identical to those for arcs of radius zero.
Line/line contacts are subsumed by line/point contacts. Figure 9.24a shows an
arc/line contact. The contact condition is that the distance between the center
o of the arc and the line lm equals the arc radius r:

(~oA −~l) × (~m−~l) = dr

where × denotes the vector cross-product, d is the length of the line segment,
and its interior lies to the left when traversed from l to m. Figure 9.24b shows
an arc/arc contact. The contact condition is that the distance between the cen-
ters equals the sum of the radii:

(~oA − ~p) · (~oB − ~q) = (r + s)2
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Figure 9.24 Contacts between planar features: (a) circular arc/line segment, (b) two circular
arcs. Shading indicates part interior.

where r and s are positive for convex arcs and negative for concave arcs.
We obtain the contact constraint functions from these equations by express-

ing the vectors in coordinate form. Let ~q = (qx, qy) be the coordinates of a
point on the fixed part, and let ~p = (u, v) + Rψ(px, py) be the coordinates
of a moving point, where (px, py) are the part coordinates and Rψ a rotation
matrix. After substitution, we obtain functions of the form f(u, v, ψ) = 0
parameterized by the part features. The moving arc/fixed line function is:

u(my − ly) − v(mx − lx) + (my − ly)(ox cosψ − oy sinψ)−

(mx − lx)(ox sinψ + oy cosψ) = dr.

The moving line/fixed arc equation is:

(u− ox)(lx cosψ − ly sinψ) − (v − oy)(lx sinψ + ly cosψ)

+lx(my − ly) − ly(mx − lx) + dr = 0.

The moving arc/fixed arc equation is:

u2 + v2 + 2(ox cosψ − oy sinψ)u + 2(ox sinψ + oy cosψ)v

+o2x + o2y + p2

x + p2

y − (r + s)2 = 0.

Similar equations are obtained for contact ranges. Parametric contact con-
straints thus derived can be stored in a table and instantiated for particular
feature pair geometry. The contact constraints of a pair are obtained by instan-
tiating the parametric constrains for each pair of features.

7.3.2 Configuration space partition. The contact constraints par-
tition configuration space into connected components. The component that
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Figure 9.25 Partition of the fastener configuration space: (a) all pairwise contact constraints;
(b) induced partition: solid lines are contact space, dashed lines infeasible contacts.

contains the initial configuration is the reachable free space. Its boundary is
a subset of the contact constraints. The other constraints lie in blocked space
or form the boundaries of unreachable free space regions. Infeasible contact
constraints must be eliminated. This is illustrated in Figure 9.25a. It shows all
the pairwise contact constraints for the translating block in Figure 9.20a. Note
that the two contact configurations on the left are unrealizable, and thus their
contact constraints should be eliminated or restricted. Figure 9.25b shows the
contact space (solid lines) partitioning the configuration space. Dashed lines
indicate subsumed contacts.

Configuration space partition is computed using computational geometry al-
gorithms. The algorithms compute the intersection between contact constraints
and classify free and blocked space accordingly. The algorithms are based
on two and three-dimensional geometric operations involving curve and sur-
face intersection and sweeping algorithms (Sacks and Joskowicz, 1995; Sacks
1998; Drori et al., 1999).

7.4 Mechanism design with configuration spaces

Configuration spaces provide the computational basis for a wide variety of
mechanism design tasks, including tolerancing, assembly, and shape and mo-
tion synthesis. The goal is to study system function under a range of operating
conditions, find and correct design flaws, and optimize performance.

7.4.1 Tolerancing. Tolerancing consists of determining the variations
in the system function due to manufacturing variation in its parts. Manufac-
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Figure 9.26 Parametric block model and details of the generalized configuration space with
different tolerances.

turing variations are often expressed as tolerances, which correspond to inter-
vals around nominal part shape and position values. For example, assume that
the moving block in Figure 9.26 has nominal height h = 20mm and width
w = 9.925mm (the frame has a fixed opening of 10mm). A small variation
corresponds to a tight tolerance interval, i.e., ±0.05mm, whereas a larger vari-
ation corresponds to a looser interval, i.e., ±0.1mm. The variations in the
system function can be qualitative and quantitative. Qualitative variations oc-
cur when part parameter variations can cause unintended contact effects, such
as jamming or interference with a frame. Quantitative variations determine the
worst-case and average error in the system function. For example, the looser
tolerance interval on the block width can prevent the block from exiting the
frame (a qualitative change), whereas the smaller tolerance interval bounds the
play between the block and the frame (a quantitative measure).

Kinematic variation can be modeled within the configuration space repre-
sentation (Sacks and Joskowicz 1998b). As the parameters vary around their
nominal values, the contact configurations vary around a zone around the nom-
inal contact space. The zones define the set of all configurations for which
there is one or more combinations of parameter values within the tolerance in-
terval that generates a contact. The boundaries of the contact zone represent
the worst-case variation. A standard first order approximation of the contact
zone boundaries can be obtained by summing up the partial derivatives of the
parametric contact functions.
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Figures 9.26b and 9.26 c illustrate these concepts. They show a detail of
the nominal configuration space (solid black lines and gray shading) and the
contact zones (blue lines and blue shading) corresponding to the tolerance in-
tervals. Zone boundaries (blue lines) correspond to worst-case variations. Con-
figurations in the zone correspond to specific part instances in contact (inserts
on the right). The distance between the inner and outer upper vertical zone
boundaries quantify minimum and maximum play. For small tolerances, the
topology of the space is preserved, meaning that the function of the system
remains unchanged and the play interval is [0.025, 0.125]mm. However, for
the larger tolerances, the zone boundaries cross, blocking the channel. This
means that for some block dimensions within the tolerance interval, the block
will not fit through the frame since the inner configuration space region is now
disconnected from the outer one.

7.4.2 Assembly. Assembly consists of finding a set of part motions
that bring the parts of a mechanism in their working configuration. It is a
kind of motion planning problem, in which the starting configuration is the
unassembled parts, the assembly sequence is a set of collision-free assembly
part motions for parts, and the goal configuration is the assembled mechanism
in its working configuration. Assembly planning is an integral part of mecha-
nism design, as it influences part shapes and positions. Because it deals with
part contacts, the configuration space framework described in this chapter is
an appropriate framework to study the problem. Note that the assembly part
motions are usually different from the motions that the parts have when func-
tioning.

The main difficulty is that assembly motions are usually spatial, so parts
can have up to six degrees of freedom, which precludes pairwise configura-
tion space computation. Many approaches have been developed (Homem de
Mello and Lee 1991), some based on local geometric structures called block-
ing graphs (Wilson et al., 1994). Latombe et al., (1997), Blind et al., 2000,
and Xiao and Xuerang 2000 describe an algorithm for assembly planning with
toleranced parts based on configuration space.

7.4.3 Shape synthesis. One aspect of mechanism synthesis is part
shape synthesis and optimization. The goal is to create and modify part shapes
to satisfy design requirements. Special-purpose approaches have been devel-
oped for cam (Angeles and Lopez-Cajun 1991, Gonzales and Angeles 1993)
and for gear (Litvin 1994) pairs. For other pairs, configuration space based
approaches have been proposed.

Shape synthesis can be seen as the inverse process of analysis: given a para-
metric part model and a design specification represented as a configuration
space, the goal is to invert the mapping from parameter values to configuration

D R A F T 4:52 PM, MARCH 27, 2001 D R A F T



46 FORMAL ENGINEERING DESIGN SYNTHESIS

spaces so that the values yield the desired configuration space (Joskowicz and
Sacks 1994). For non-parametric part models, part boundaries can be modi-
fied using heuristic methods. (Joskowicz and Addanki 1988; Faltings and Sun,
1996). Similar techniques have been applied to feeding track design (Caine
1994).

A related task is fixture synthesis, where the goal is to design fixture shapes
that eliminate the movement of parts to be machined. Eliminating movement
corresponds to reducing the volume of the configuration space surrounding the
machining configuration to zero (Rimon and Blake 1996; Brost and Goldberg
1996; Rimon and Burdick 1998).

7.4.4 Motion synthesis. Another aspect of mechanism synthesis
is motion synthesis. Motion synthesis is the task of designing a mechanism
topology that transforms a set of input motions into desired output motions.
The mechanism topology is built as a chain of basic kinematic pair build-
ing blocks, such as joints, cams, gears, and other higher pairs. Hoover and
Rinderle (1989) developed a heuristic method based on functional integration
for speed ratio and geometric requirements of gear transmission mechanisms.
Kota and Chiou (1992) represent kinematic pair function with matrices which
are chained to obtain the desired output. Chakrabarti and Bligh (1996) succes-
sively refine motion type requirements based on kinematic pair behavior.

Configuration space provides a representation of mechanism function that
has been used for mechanism retrieval (Joskowicz 1990; Murakami and Naka-
jima 1997) and motion synthesis (Subramanian and Wang 1995; Li et al., 1999).
The basic building blocks are kinematic pairs, whose function is described
with a qualitative representation of their configuration space. The synthesis
algorithm generates design solutions by forming chains of kinematic pairs that
match the desired mechanism function. The advantages of these methods are
that they allow for qualitative function descriptions akin to those used in con-
ceptual design (Stahovich et al., 1998), and that they allow for the design of
multiple-state mechanisms. To date, they are limited to simple planar mecha-
nisms.

8. State of the Art

The kinematic synthesis of machines ranging from the lever to the robot has
provided remarkable capabilities for redirecting power to our ends. Further-
more, it seems clear that the future holds more opportunities for mechanical
systems that are tailored to enhance and augment our individual capabilities
whether at the human or micro-scale.

Research in the kinematic synthesis of mechanisms and robots has demon-
strated the central importance of workspace and mechanical advantage as de-
sign criteria. The workspace, as defined by the kinematics equations, can be
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used for design, tolerancing, and assembly planning. The Jacobian of these
equations yields the speed ratios of the system, which, via the principle of vir-
tual work, define its mechanical advantage. And, optimization techniques have
proven effective for fitting the workspace and mechanical advantage of serial
and parallel chain systems to design specifications.

Unfortunately, computer tools for kinematic synthesis seem to exist only as
special purpose algorithms developed by individual researchers. Commercial
systems, such as LINCAGES 2000 (Univ. of Minnesota), SyMech (www.symech.com),
and Watt (heron-technologies.com), focus solely on planar four- and six-bar
linkages. Kinematic synthesis in engineering applications seems to consist of
iterated analysis, in which little or no attempt is made to use workspace and
mechanical advantage criteria to generate designs.

A systematic procedure for the design of both serial and parallel linkages
and robots that can match workspace and mechanical advantage is needed,
especially one that allows comparison of different machine topologies. Con-
sider the following enumeration of spatial open chains of various degrees-of-
freedom,

2 dof chains: 2R, RP, C, T.

3 dof chains: 3R, RRP, PPR, CR, CP, TR, RP, S.

4 dof chains: 4R, 3PR, 3RP, CRR, CPR, CC, TRR, TPR, TC, TT, RS,
PS.

5 dof chains: 5R, 3PRR, RRS, PPS, CPC, CRC, CS, TRC, TPC, 2TR,
2TP, TS.

Only a few of these topologies have been explored for use in the design of
spatial linkage systems. Clearly computer automation of the synthesis of these
chains and their assembly into parallel systems can open the door to a wealth
of new devices. This is particularly true when asymmetry exists in the task, or
the device must work around obstacles and people.

Configuration space analysis provides new capabilities for automation of
the design and manufacture of mechanical systems. This is an extension of the
concept of workspace to include all bodies not just the end-effector (Joskowicz
and Sacks 1999). In this formulation the free space boundary for each part
is obtained by analyzing the contact available with every other part. The set
of positions and orientations of a body can be parameterized in many useful
ways. Quaternions have been found to provide a convenient representation for
spatial rotations (Bottema and Roth 1979). Clifford Algebras have been used
to parameterize planar and spatial displacements in order to obtain algebraic
surfaces that represent geometric constraints (McCarthy 1990, Collins and Mc-
Carthy 1998, Ge et al., 1998).
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The generalization of Bezier curves to spatial motion provides a convenient
way to specify continuous taskspaces. However, the extension of this tech-
nique to surfaces, solids, hypersolids, or hypersurfaces in SE(3) does not exist.
This means that we cannot directly specify the workspace of a robotic system.
Currently, we rely on general symmetry requirements.

Methodologies for the design of cam systems, gear trains, and linkages have
yet to be integrated into computer aided engineering tools. While sculptured
surfaces are central to the operation of human and animal joints, they have yet
to be exploited for robotics applications (Lenarčič et al., 2000, Parenti-Castelli
and DiGregorio 2000).

Micro-electro-mechanical systems provide unique opportunities for multi-
ple small systems constructed using layered manufacturing technologies typi-
cal of electronic devices. The small size of these systems challenges the basic
assumptions of virtual work and their design has benefited from the synthe-
sis theory for compliant linkages (Ananthasuresh and Kota 1995). The design
of micro-robotic systems requires advances in the design and construction of
joints and actuators (Will 2000).

A speculative direction for kinematic synthesis research involves the analy-
sis of proteins and rational drug design (Wang et al., 1998, LaValle et al., 2000).
A protein can be viewed a serial chain of links, called amino acids, each of
which are similar except for molecular radicals that extend to the side. A pro-
tein chain may contain 1000 amino acids which folds into a complex spatial
configuration. This configuration can shift between two positions in order to
perform a task, exactly like the machines that we have been considering in this
chapter.

9. Conclusion

This chapter surveys the theoretical foundation and current implementations
of kinematic synthesis for the design of machines. The presentation is orga-
nized to illustrate the importance of the concepts of workspace and mechanical
advantage in the synthesis process. While the workspace of a robot arm is a
familiar entity, it is not generally recognized that concepts ranging from the ge-
ometric constraints used in linkage design, through configuration spaces used
to define tolerances are simply different representations of workspace. Simi-
larly, while mechanical advantage is clearly important to the design of a lever
and wedge, it is not as obvious that the Jacobian conditions used in the design
of robotic systems are, in fact, specifications on mechanical advantage.

The result of this study are the conclusions that (i) workspace and mechan-
ical advantage are effective specifications for the synthesis of a broad range of
mechanical devices; (ii) there already exist a large number of specialized algo-
rithms that demonstrate the effectiveness of kinematic synthesis; and (iii) there
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are many opportunities for the application of new devices available through
kinematic synthesis. What is needed is a systematic development of computer
tools for kinematic synthesis which integrates the efforts of a community of
researchers from mechanical design, robotics, and computer science.
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It is typical of many kinds of design problems that the inner system consists of components
whose fundamental laws of behavior are well known. The difficulty of the design problem
often resides in predicting how an assemblage of such components will behave.

—Herbert A. Simon, The Sciences of the Artificial, 1969, MIT Press

Abstract Electro-mechanical devices and systems, constructed at length scales of microns
to millimeters, fabricated with processes borrowed from micro-electronics, have
become commercially successful in a variety of applications. This chapter ad-
dresses the issues relating to the automatic design synthesis of microsystems.
Several research groups have made noteworthy progress in this area, including
two approaches using composition of parametrically scalable primitive elements,
and one approach using geometry synthesized by a stochastic exploration proce-
dure. The current status of microsystem design and design research is reviewed,
and an example of automated microsystem synthesis is presented. A discussion
of future needs and trends in this area, illustrating the crucial role automated and
structured design synthesis capabilities will play in the future developments of
microsystmes, concludes the chapter.
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Abstract Concept generation is at the heart of engineering design. This chapter considers
an emerging tool set for generating concepts: function-based synthesis methods.
To understand this tool set, the prominent methods in the field are reviewed and
summarized, with a subset being investigated with more technical rigor. In ad-
dition to this review and investigation, the methods are analyzed against three
models: a method architecture, design process, and research model. This anal-
ysis extracts the fundamental features of the methods, provides a basis for com-
parison, and elicits future research opportunities, directions, and industrial ap-
plications. Through this analysis, a clear picture emerges of the function-based
synthesis field: Many fundamental research results have been realized, and it is
just a matter of time before we have tools to assist product development teams
in generating dynamic systems, kinematic structures, and the skeletal backbones
of consumer products.
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Abstract This chapter examines the application of Artificial Intelligence (AI) to engi-
neering design. AI is the study of knowledge representations and inference
mechanisms necessary for reasoning and problem solving. This chapter focuses
on those AI techniques that are the most useful for design synthesis: search,
knowledge-based systems, machine learning, and qualitative physical reason-
ing. The theory behind these techniques is described and their strengths and
weaknesses in the context of synthesis are discussed. Examples of their appli-
cation to synthesis are provided. These are drawn primarily from mechanical
engineering, however the techniques are suitable for a wide variety of design
problems. The chapter concludes with a discussion of a few important areas for
future research.
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Chapter 8

EVOLUTIONARY AND ADAPTIVE

SYNTHESIS METHODS

Cin-Young Lee, Lin Ma, and Erik K. Antonsson

The simplest scheme of evolution is one that depends on two processes; a generator and
a test. The task of the generator is to produce variety, new forms that have not existed
previously, whereas the task of the test is to cull out the newly generated forms so that
only those that are well fitted to the environment will survive.

—Herbert A. Simon, The Sciences of the Artificial, 1969, MIT Press

Abstract Synthesis of novel engineering designs often requires experimental exploration
with a wide range of different configurations. Evolutionary and adaptive explo-
ration methods have successfully synthesized novel design configurations in sev-
eral engineering application areas, including VLSI, pattern packing, mechanical
structures and mechanisms. An adaptive search method alters its selection mech-
anism and/or search operators in response to the structure of the performance
landscape. These methods stochastically refine individual candidate solutions in
a population, evaluate the fitness or performance of these new candidates, and
keep only those with good fitness values for the next iteration. An overview of
evolutionary and adaptive search methods is presented, in the context of their
application to engineering design synthesis, including several examples and a
discussion of future research trends in this area.

Keywords: Evolutionary Computation, Genetic Algorithms, Simulated Annealing, Tabu Search,
Multiagent Systems
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Abstract This survey reviews recent advances in the state of the art for computer-aided
synthesis tools for analog and mixed-signal (i.e., jointly analog and digital) in-
tegrated circuits (ICs). Analog blocks typically constitute only a small fraction
of the components on mixed-signal ICs and emerging system-on-chip (SoC) de-
signs. However, the increasing level of integration available in silicon technol-
ogy, and the growing requirement for digital systems that communicate with the
continuous-valued external world are fueling new demands for practical synthe-
sis techniques for these analog circuits. This chapter describes the motivation
and evolution of these tools, and reviews progress to date on analog circuit and
layout synthesis. The chapter summarizes the problems for which viable solu-
tions are emerging, and those which are still unsolved.

Keywords: VLSI Synthesis, Analog CAD, Systems-on-a-Chip, SoC
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Abstract Cognitive and computational models of discovery and invention are examined,
highlighting their similarities at the process level. The basis for this exploration
begins with an examination of historic case studies of famous designers and
scientists. The chapter motivates cross-fertilization of the two computational
fields.
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